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Abstract
In a recent paper Bray and Pinsky [1] estimated the growth of f̂ (ξ), the Fourier transform of f (x) where
x ∈ Rd , by some moduli of smoothness. We show here that noticeably better results can be derived as an
immediate corollary of previous theorems in [2]. The improvements include dealing with higher levels of
smoothness and using the fact that for higher dimensions (when d ≥ 2) the description of smoothness
requires less information. Using a similar technique, we also deduce relations between the smoothness of
f (x) for x ∈ Sd−1 or x ∈ T d and the growth of the coefficients of the expansion by spherical harmonic
polynomials or trigonometric polynomials.
c© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
For the Fourier transform
f̂ (ξ) =
∫
Rd
f (x)e−2pi iξ ·xdx, ξ ∈ Rd (1.1)
it was recently proved [1, Prop. 4, 2271] that for f ∈ L p(Rd) for some p, where 1 < p ≤ 2 and
d ≥ 2 we have
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Rd
min(1, t |ξ |)2q | f̂ (ξ)|qdξ
}1/q
≤ CΩp[ f ](t), q−1 + p−1 = 1; (1.2)
and that for f ∈ L1(Rd) where d ≥ 2 we have
sup
ξ
[min(1, t |ξ |)2| f̂ (ξ)| ] ≤ CΩ1[ f ](t) (1.3)
where
Ωp[ f ](t) = sup
0<r≤t
‖Vr f − f ‖p (1.4)
and
Vr f (x) = 1mr
∫
|x−y|=r
f (y)dy with Vr1 = 1. (1.5)
The estimates (1.2) and (1.3) are described in [1, p. 2281] as the main result on Rd .
We define V`,t f (x) by
V`,t f (x) = −1(
2`
`
) ∑`
j=1
(−1) j
(
2`
`− j
)
V j t f (x) (1.6)
and obtain the following theorem as a corollary of results in [2].
Theorem 1.1. Suppose f ∈ L p(Rd) for some p, 1 ≤ p ≤ 2, d ≥ 2, q−1 + p−1 = 1 and that f̂
is given by (1.1). Then{∫
Rd
min(1, t |ξ |)2`q · | f̂ (ξ)|qdξ
}1/q
≤ C p‖V`,t f − f ‖p, 1 < p ≤ 2 (1.7)
and
sup
ξ
[min(1, t |ξ |)2` · | f̂ (ξ)| ] ≤ C1‖V`,t f − f ‖1. (1.8)
We note that as V1,t f (x) = Vt f (x), setting ` = 1 in Theorem 1.1 yields an improvement
on (1.2) and (1.3), since for d ≥ 2 the supremum in (1.4) is dropped. The fact that for higher
dimensions (d ≥ 2) the situation is simpler (i.e. we do not need the supremum) appears at
first glance puzzling, but as the average Vt f in higher dimension uses more information, it is
heuristically plausible. (The proof in [2] was more involved than the heuristic argument.) For
` > 1 we derive a stronger estimate using a higher level of smoothness i.e. a further improvement
of (1.2).
In Section 2 we deduce Theorem 1.1 from earlier results. We also give a generalization of [1,
Prop.2] for L p(R).
The method used here leads to investigations of other relations. In Section 3 we establish
estimates of the growth of coefficients of the expansion by spherical harmonic polynomials on
the unit sphere Sd−1 using smoothness. In Section 4 analogous results are given on the torus T d .
In this paper A(t) ≈ B(t) will mean that C−1B(t) ≤ A(t) ≤ CB(t) with C > 0 independent
of t.
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2. The results on Rd
In [2] the following result was proved.
Theorem 2.1 (Dai–Ditzian). For f ∈ L p(Rd), 1 ≤ p ≤ ∞ and integer ` one has
‖V`,t f − f ‖p ≈ inf
(‖ f − g‖p + t2`‖∆`g‖p : ∆`g ∈ L p(Rd))
=: K`( f,∆, t2`)p, d ≥ 2 (2.1)
and
K`( f,∆, λ−2`)p ≈ ‖ f − Rλ,`,b f ‖p + λ−2`‖∆`Rλ,`,b f ‖p, b ≥ d + 2 (2.2)
where
Rλ,`,b f
∧(ξ) =
{(
1−
( |ξ |
λ
)2`)b
f̂ (ξ) for |ξ | ≤ λ
0 otherwise
,
‖F‖p = ‖F‖L p(Rd ) , and ∆ = ∂
2
∂x21
+ · · · + ∂2
∂x2d
is the Laplacian.
The equivalences (2.1) and (2.2) were proved in Theorem 3.1 and Corollary 2.3 of [2] respec-
tively. Using Theorem 2.1, we can now prove Theorem 1.1.
Proof of Theorem 1.1. Using the triangle inequality, the Hausdorff–Young inequality, (2.1) and
(2.2) in succession, we have{∫
Rd
min(1, t |ξ |)2`q | f̂ (ξ)|qdξ
}1/q
≤
{∫
Rd
|( f − R1/t,`,b f )∧(ξ)|qdξ
}1/q
+ t2`
{∫
Rd
(|ξ |2`|R1/t,`,b f ∧(ξ)|q)dξ
}1/q
≤ ‖ f − R1/t,`,b f ‖p + t2`‖∆`R1/t,`,b f ‖p
≤ CK`( f,∆, t2`)p ≤ C p‖V`,t f − f ‖p.
The same steps (with p = 1, q = ∞) imply (1.8). 
We now recall the classical result for L p(R), 1 ≤ p ≤ ∞, that is
ωr ( f, t)p ≈ W r ( f, t)p ≈ inf
(‖ f − g‖p + tr‖g(r)‖p : g(r) ∈ L p(R)) (2.3)
where ωr ( f, t)p = sup0<u≤t ‖∆ru f ‖p , W r ( f, t)p = 1t
∫ t
0 ‖∆ru f ‖pdu, ∆u f (x) = f (x +
u) − f (x) and ∆ru f (x) = ∆u
(
∆r−1u f (x)
)
. The equivalences (2.3) can be found in [3, p.177
and p.185]. The equivalence (2.2), which is valid for d = 1 as well and (2.3), now imply the
following result using the procedure in the proof of Theorem 1.1.
Theorem 2.2. For f ∈ L p(R), 1 ≤ p ≤ 2 and q−1 + p−1 = 1{∫
R
min(1, t |ξ |)rq | f̂ (ξ)|qdξ
}1/q
≤ C pW r ( f, t)p ≤ C pωr ( f, t)p (2.4)
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and
sup
ξ
[
min(1, t |ξ |)r · | f̂ (ξ)| ] ≤ C1W r ( f, t)1 ≤ C1ωr ( f, t)1. (2.5)
We note that Theorem 2.2 for r = 2 contains [1, Prop.2] and the use of W r ( f, t)p renders it
somewhat more general even for r = 2.
3. Results concerning L p(Sd−1), d ≥ 3
For the unit sphere Sd−1 =: {x = (x1, . . . , xd) : x21 + · · · + x2d = 1} we define the
Laplace–Beltrami operator ∆˜ by
∆˜ f (x) = ∆F(x), x ∈ Sd−1, ∆ = ∂
2
∂x21
+ · · · + ∂
2
∂x2d
and
F(x) = f
(
x
|x|
)
, x ∈ Rd .
(3.1)
The eigenspace Hk given by
Hk = {ϕ : ∆˜ϕ = −k(k + d − 2)ϕ} (3.2)
is of dimension dk where (see [6, p.145])
dk =
(
(d + 2k − 2)/k) (d + k − 3
k − 1
)
≈ (k + 1)d−2. (3.3)
We choose an arbitrary orthonormal basis of Hk on Sd−1 with weight 1 and denote it by
{Yk,`}dk`=1. The coefficients of the expansion of f (x) by {Yk,`}dk`=1 for k ≥ 0 are denoted by
ak,`( f ) i.e.
ak,` ≡ ak,`( f ) =:
∫
Sd−1
Yk,`(x) f (x)dx. (3.4)
To follow the technique of the proof of Theorem 1.1, we need a corresponding Hausdorff–
Young estimate which, as I could not find it in the literature, I supply below, though I find it hard
to believe that it was not done before.
Theorem 3.1. Suppose f ∈ L p(Sd−1), bk = bk( f ) = ∑dk`=1 |ak,`( f )| and q−1 + p−1 = 1.
Then ( ∞∑
k=0
d−1k b
q
k
)1/q
≤ 1
|Sd−1| 12− 1q
‖ f ‖L p(Sd−1), 1 < p ≤ 2 (3.5)
and
sup
k
d−1k bk ≤
1
|Sd−1|1/2 ‖ f ‖L1(Sd−1) (3.6)
where |Sd−1| is the measure of the unit sphere.
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Proof. Using the Riesz–Thorin Theorem (see [6, p.179]), it is sufficient to prove both (3.6) and
(3.5) for p = 2. Using the Cauchy–Schwarz inequality, we have
∞∑
k=0
d−1k b
2
k ≤
∞∑
k=0
d−1k
(
dk∑
`=1
|ak,`|
)2
≤
∞∑
k=0
d−1k
(
dk∑
`=1
a2k,`
)
dk
=
∞∑
k=0
dk∑
`=1
a2k,` = ‖ f ‖L2(Sd−1).
Using the Cauchy–Schwarz inequality once more, we have
sup
k
d−1k bk ≤ sup
k
d−1k
∫
Sd−1
| f (x)|
dk∑
`=1
|Yk,`(x)|dx
≤ sup
k
d−1k
∫
Sd−1
| f (x)|
(
dk∑
`=1
Yk,`(x)2
)1/2
d1/2k dx.
As
∑dk
`=1 Yk,`(x)2 = 1|Sd−1| dk (see [6, Cor. 2.9, p. 144]), (3.6) follows. 
We note that the above result is valid for any choice of orthonormal basis of Hk .
One defines Sθ f (x) by
Sθ f (x) = 1mθ
∫
x·y=cos θ
f (y)dγ (y), Sθ1 = 1 (3.7)
where dγ (y) is the Lebesgue measure on {y ∈ Sd−1 : x · y = cos θ}. We define also
S`,θ f (x) = −2(
2`
`
) ∑`
j=1
(−1) j
(
2`
`− j
)
S jθ f (x) (3.8)
and recall [2, Th. 4.1, p. 277] that for 1 ≤ p ≤ ∞ and d ≥ 3
‖S`,θ f − f ‖L p(Sd−1) ≈ inf
(
‖ f − g‖L p(Sd−1) + θ2`‖∆˜ `g‖L p(Sd−1) : ∆˜ `g ∈ L p(Sd−1)
}
≡ K`( f, ∆˜, θ2`)p. (3.9)
It is known (see the realization theorem in [2, (5.2), p. 281]) that
K`( f, ∆˜, θ2`)p ≈ ‖ f − ηθ f ‖L p(Sd−1) + θ2`‖∆˜`ηθ f ‖L p(Sd−1) (3.10)
where
ηθ f (x) =
∞∑
k=0
η(θk)Pk f (x), Pk f (x) =
dk∑
`=1
ak,`( f )Yk,`(x), (3.11)
η(ξ) ∈ C∞[0,∞), η(ξ) = 1 for 0 ≤ ξ ≤ 1
2
and η(ξ) = 0 for ξ ≥ 1.
We can now state and prove the result on the growth estimate of the coefficients of the expan-
sion by spherical harmonic polynomials.
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Theorem 3.2. Suppose f ∈ L p(Sd−1) for some p, 1 ≤ p ≤ 2, d ≥ 3, q−1 + p−1 = 1 and that
dk, ak,`( f ) ≡ ak,` and bk( f ) ≡ bk are given in (3.3), (3.4) and Theorem 3.1 respectively. Then
for 0 < θ < τd{ ∞∑
k=0
d−1k min(1, θk)
2`q · bqk
}1/q
≤ C p‖S`,θ f − f ‖p , 1 < p ≤ 2 (3.12)
and
sup
k
d−1k min(1, θk)
2`bk ≤ C1‖S`,θ f − f ‖1. (3.13)
Proof. Using the triangle inequality, Theorem 3.1, bk
(
(k(k + d − 2))`ηθ f
) = bk((−∆˜) `ηθ f ),
(3.10) and (3.9) in succession, we have{ ∞∑
k=0
d−1k min(1, θk)
2`qbk( f )
q
}1/q
≤
{ ∞∑
k=0
d−1k [bk( f − ηθ f )]q
}1/q
+ θ2`
{ ∞∑
k=0
d−1k [k2`bk(ηθ f )]q
}1/q
≤ C
[
‖ f − ηθ f ‖p + θ2`
{ ∞∑
k=0
d−1k
[
bk
((
k(k + d − 2))`ηθ f )]q}1/q]
≤ C p
[
‖ f − ηθ f ‖p + θ2`‖∆˜ `ηθ f ‖p
]
≤ C p‖S`,θ f − f ‖p.
Identical steps (with p = 1 and q = ∞) imply (3.13). 
4. Results concerning L p(T d)
For f ∈ L p(T d) the Fourier coefficients are given by
f̂ (n) =
∫
T d
e−2pi ix·n f (x)dx, x ∈ T d , n ∈ Zd . (4.1)
The near best approximant ηt f (x) is given by
ηt f
∧(n) = η(t |n|) f̂ (n), |n| = |(n1, . . . , nd)| = (n21 + · · · + n2d)1/2 (4.2)
with η(y) ∈ C∞[0,∞), η(y) = 1 for y ≤ 12 and η(y) = 0 for y ≥ 1. For 1 ≤ p ≤ ∞ and d ≥ 2
one now has
‖V`,t f − f ‖L p(T d ) ≈ inf
{
‖ f − g‖L p(T d ) + t2`‖∆`g‖L p(T d ) : ∆`g ∈ L p(T d)
}
≡ K`( f,∆, t2`)L p(T d ), (4.3)
which can be derived in a way similar to that used in [2] for Rd and Sd−1. A shorter proof of
(4.3) using (2.1) was recently given (see [5, Section 9]). Furthermore, for 1 ≤ p ≤ ∞ and ηt f
of (4.2) we have
K`( f,∆, t2`)L p(T d ) ≈ ‖ f − ηt f ‖L p(T d ) + t2`‖∆`ηt f ‖L p(T d ) (4.4)
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which follows, for instance, from a general result (see [4, Th. 7.1, p. 339]).
Using the procedure of earlier sections, we can now obtain the following result.
Theorem 4.1. Suppose f ∈ L p(T d) for some p, 1 ≤ p ≤ 2, d ≥ 2, q−1 + p−1 = 1 and f̂ (n)
is given by (4.1). Then for t ∈ (0, pi)(∑
k∈Zd
min(1, t |n|)2`q | f̂ (n)|q
)1/q
≤ C p‖V`,t f − f ‖L p(T d ), 1 < p ≤ 2 (4.5)
and
sup
n∈Zd
[
min(1, t |n|)2` · | f̂ (n)|] ≤ C1‖V`,t f − f ‖L1(T d ). (4.6)
We note that for d = 1 the results remain valid if, instead of the right hand side of (4.5) and
(4.6), we write sup0<u≤t ‖V`,u f − f ‖L p(T ) ≡ ω2`( f, t)p and sup0<u≤t ‖V`,u f − f ‖L1(T ) ≡
ω2`( f, t)1 respectively. Hence for d = 1 we require more from the right hand side and this need
is inherent as (4.3) is no longer valid for d = 1 (with ∆ f = f ′′).
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